Exercises for 5.12-5.14

1. Add missing items:
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VeFx AVzGx
VeFx AVeGx
VeFx AVzGx
VeFx A VrGx
VeFx A VG
VeFx AVzGx
VeFx AVeGx
VeFx AVzGx

VeFax AVxGr ... ... A
VeFx 1,AE
Fa 2,VE
VYeGxr 1,AE
Gb 4,VE
FanGb o 3,5,A1
Vy(FanGy) o 6, VI
VaVy(Fz A Gy) oo 7,V1

2. Prove Vz(Fxz A VyGy) - VaVy(Fz A Gy) . Hint: compare with proof

above.
1. Va(Fz AVyGyNz(Fx AVyGy) oo A
2. Ve(Fx AVyGy)Fa AVyGy oo 1,VE
3. Ve(Fx AVYGy)Fa i 2,AE
4. Ve(Fx AVyGyNVyGy oo 2,AE
5 Ve(Fx AVyGy)Gb o 4,YE
6. Ve(Fx AVyGy)FaAnGb ... 3,5,A1
7. Ye(Fx AVyGyWy(Fan Gy) oo 6,V1
8. Yau(Fax AVyGyNVaVy(Fr A Gy) ... 7,V1




3. Add missing items:

1. VeFx vVaGx + VeFx v VzGr ... .. A
2. VaFz FVZFET A
3. VaeFx Fa 2,VE
4. VoFz F FavGb 3,vI
5. VaGzx FYZGT A
6. YaGx FGb 5VE
7. VaGx F FavGb 6,vI
8. VeFxvVxGx - FavGb ... . . .. 1,4,7,VvE
9. VeFx v VaGr + Vy(Fav Gy) ..., 8, VI
10. YeFz v VaGx + YaVy(Fx v Gy) oo, 9,VI

4. Prove Va(Fz v YyGy) + VaVy(Fz v Gy) .

1. Ve(Fz v VyGyNa(Fz v YyGy) ... A
2. Ve(Fx v VyGy)FavVyGy ..., 1,VE
3. Fa FFa A
4. Fa = FavGb . 3,vI
5. VyGy FVYYGY A
6. YyGy FGb 5,VE
7. YyGy F FavGb 6,vI
8. Yo(Fx v VyGy)Fav Gb  ................... 2,4,7,VE
9. Ve(Fx v VyGyNWy(Fav Gy) ..ot 8,VI
10. Va(Fx vVyGyNVaVy(Frv Gy) ..., 9,VI




5. Prove Ve Fz A JxGx + YzIy(Fx A Gy) . Here are the first few lines:

1. VeFx A 3zGx + VoeFx AdzGx oo A
2. Ve Fx A JxGe - Yoz Fx 1,AE
3. VeFoe AdxGe - Fa o 2,VE
4. VeFxz A JzGx + FzGr oo 1,AE
5. Gb FGb A

6. VeFx A 3xGr,Gb - FanGb  ............... 3,5, Al

7. VeFz A 32Gz,Gb + Fy(FanGy) ..., 6,31

8. VaFx A 3zGr,Gb + VaIdy(Fzx A Gy)  ......... 7,V1

9. VeFz A I2Gx F VaIdy(Fe A Gy) ... 48 3F

6. Prove VeFx A -VaGz + YzIy(Fx A -Gy) . Hint: Use Quantifer Ex-
change to get rid of the negation in front of the universal quantifier;
you will get something that looks very much like one of the problems

above.
1. VeFx A -VzGzx F VYeFx A =VYzGx  ........ A
2. VeFz A -VaxGx F -VaeGzr 1,AE
3. F =VaxGr > Ix-Gx  ...... QE
4. VeFx A -VaxGx - -Gz 2,3,0F
5. =Gb F-Gb A
6. VeFz A -VxGx  VeFz . 1,AE
7. VeFz A -VaxGx  Fa 6,VE
8. VeFz A -VxGx,-Gb + Fan-Gb  ........... 5,7,A1
9. YeFx A -VaGz,-Gb + Jy(Fan-Gy)  ........ 8,3l
10. VzFx A -VaGz,-Gb + VrIy(Fz A -Gy)  ..... 9,VI
11. YaFx A =VzGz F Yz3y(Fz A -Gy) ..4,10,3E




7. Here is something obvious: if there are at least two Fs, there is at least
one F. Let’s make sure that our way of counting delivers this result.
Prove Jz[Fxz A 3y(Gy A z#y)] + 3z Fx . Hint: for how to do the first
few lines, consider the next problem.

1. 3z[Fz A Jy(Gy A z#y)] + Fz[Fx A Jy(Gy A z#y)] A
2. Fan3y(Gy A aty) F FanA3Jy(Gy Aazy) ... A
3. Fa A 3y(Gy A a+y) FFa 2,AE
4. Fa A Fy(Gy A azy) FdxFr 3,dI
5. dz[Fz A Jy(Gy Ax#y)]  + JzFz ool 1,4,3E

8. Prove 3z (Fz A JyGy) + JxIy(Fz A Gy) . Here are the first few lines.

1. 3z(Fz A JyGy) + Jax(Fx A JIyGy) oo A
2. Fan FyGy F FandyGy o A
3. FanIyGy FFa 2,AE
4. Fa A JyGy FAyGy 2,AE
5. Gb FGb A
6. Fan JyGy,Gb F FanGb .o 3,5,A1
7. Fa A 3yGy,Gb F dy(FanGy) ool 6,31
8. Fa A 3yGy,Gb F 3xdy(Fe A Gy) ..l 7,31
9. Fa A 3yGy F dzdy(Fz A Gy) ..., 4,8,3E
10. 3z(Fx A yGy) + JzIy(FxAGy) ... 1,9,3E




9. In Section 5.14 I claim without explanation that formulas 4 and 5 say
the same thing. If I am right, we expect a derivation from formula 4 to
formula 5. Here is a such a derivation. Add missing items (note: ~(a#b)
is the same as -—(a=b)):

To aid visibility, let

I: z[Fz A -Fy(Fy A z£y)]
A: Fa A -3y(Fy A a#y)]

Notice A has a constant so we need to be mindful of that.
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F 3z[Fx A -Fy(Fy Az#y)] oo, A
F Fan-3y(FyAa#y) oo, A
F-3y(Fy Aasy) 2, AE
F -3y(Fy A azy) o Vy-(Fy A aty) ... QE
F Vy-(Fy Aazy) o 3,4,0F
Fo(FbAazb) 5,VE
F =(FbAa#b) s [-Fbv =(ab)]  ....... DM
F oFbv=(azb) 6,7,oE
F [-Fbv =(a#b)] 2 [--Fb> -(a#b)] ....EL
F -=Fbo=(a#b) ...l 8,9, oE
FEbD A
F Fbo--Fb DN
Fa-Fb 11,12,oF
Foo(azb) 10,13,oF
Fa=b 14,-E
F Fboa=b 15,01
FVy(Fyoa=y) i 16,VI
FFa 2,AE
F FaanVy(Fyoa=y)  ....ooooooi... 17,18,A1
F 3z[Fx AVy(Fysz=y)]  ............ 19,31
F 3z[Fx AVy(Fyosz=y)]  .......... 1,20,3E



10. Here is another way of saying that there is exactly one thing:

JaxVy[Fx A (Fy > z=y)]

Prove 3z[Fxz A Vy(Fy > z=y)] + JaVy[Fa A (Fy > z=y)] . Here are

the first two lines:

1. 3z[Fx A Vy(Fyo>z=y)]
2. FanVy(Fy>a=y)

F Jz[Fz AVy(Fy o z=y)]
F FaAVy(Fyo>a=y)

W ® N oW

FanVy(Fyo>a=y)
FaanVy(Fyo>a=y) ~ Fboa=b
Fa nVy(Fyo>a=y)
Fa nVy(Fyoa=y)
FanVy(Fyo>a=y)
Jz[Fx AVy(Fy > z=y)|+ JzVy[Fz A (Fy>z=y)]

FaAVy(Fyoa=y) FFa 2,AE
FVy(Fysa=y)  ...coo..... 2,AE

................ 4,VE

F FaAn(Fboa=b)  ....... 3,5,A1

F Vy[Fa A (Fy>a=y)] .6,V

F JaVy[Fx A (Fyoz=y)] 7,31

1,8,3E

11. Prove 3a2Vy(Fz A Gy) + Jx(Fx A YyGy) . (This is a simplified ver-
sion of the reverse of the above).

1. 3aVy(Fz A Gy)+ JzVy(Fe A Gy) ool A
2. Vy(FanGy) + Vy(FanGy) oo, A
3. Vy(FanGy) + FanGb ... ....... 2,VE
4. Yy(FanGy) + Gb .o 3,AE
5 Vy(FanGy) + YyGy o 4,V1
6. Vy(FanGy) + Fa ..., 3.,AE
7. Yy(FanGy) + FanVyGy — ............... 5,6,A1
8. Vy(FanGy) + Jz(FxaVyGy) — ..., 7,31
9. JzVy(Fx A Gy)r Jz(Fx AVyGy) ... 1,8,3E




