Extra Exercises for Derivations/Proofs

1. For each of the following short derivations, explain why they are illegal.

(1pt each)
(@ 1p F Qe premise
2. p E QAT 1,AI

You need to refer to two lines to use AL

(b) 1. paAp e S premise
2. p L A 1,AE

AE cannot change datum.

) 1. pnap e AP premise
2. p e P 1

d 1T FSVE premise
2. T S 1,vE

VE does not work that way.

(e) 1. s F DD premise
2. sVt F DPDQ 1,vI

Cannot use VI to change datum.




) 1.T,p e premise
2. Ayp L P premise
3. T,A B oD 1,2,-1

Lines 1 and 2 do not contradicting succedents.

(g 1.T,p e premise
2. A;-p e premise
3. T,A F oG e 1,2,-1

(h)y 1. A FDDQ premise
2. Ap Qe 1,oE

i 1.A FDDG premise
2. T e premise
3. AT D e oE

OE misapplied. You need the antecedent of the conditional in
the succedent of second sequent.

)y 1. As /25 premise
2. A F DS 1,01

oI misapplied. The item from the datum goes into the an-
tecedent of the conditional.

2. Here is a proof of Excluded Middle that’s different from the one given
in the readings. Add any missing datums:

1. pA-p F DASD e A
2. pA=p D 1,AE



10.
11.
12.
13.
14.
15.
16.

O 0 N o W

. PpA-D

. =(pVv -p)

(SEkS!

- =(pVv-p),p

. =(pVv -p)

-p

-p

=(p v -p),-p
=(p Vv -p)
=(p Vv -p)
=(p Vv -p)
=(p Vv -p)

17.
18.

T T T T T T

T T T 0T

T

S(PASD) 2,3,-1
S(PVAP) A
D A
PV oD 6,vI
S(PVAD) 5
D e 7,8,-1
D A
PV oD 10,vI
S(PV D) 5
SID 11,12,-1
D 13,-E
PASD 9,14,A1
S(PASD) 4
-=(pV=p) 15,16,-1
PV aD e 17,-E



3. Add missing annotations:

1. T FPVEQ premise
2. A FPOoR premise
3. © FQDS premise
4. P P A
5. AP RO 2,4,5F
6. AP FRVS 5,vI
7. Q F Qe A
8. 0,Q F oS 3,7°E
9. ©,Q FRVS 8.Vl
10. T,A,© FRVS 1,6,9,VE

4. Fill in the missing items.

1. T FPV(QVR) premise
2. P P A
3. R F R e A
4 R F(PVQ)VR 3,v1
5. P FPVQ 2,vI
6. Q B Qe A
7. Q FPVQ 6,vI
8. P F(PVQ)VR 5,vI
9. QVR FQVR A
10. Q F(PVQ)VR 7,v1
11. Qv R F(PVvQ)VR 4,9,10,vE
12. T F(PVQ)VR .. 1,8,11,VE



5. The following contains one illegal move. Where is it?

T
A

S

S, -W
S

A,S
w
-W
W,-S
-W, =S
W, -W
LW
LW
AW

. T,A

W R NN

I o T = S G NN
GoR WD~ O

T T T T T T T T T T T T T T T

WS premise
W premise
S A
S 3
W o8 4,01
S 2,5,0F
W A
W A
W 7
W 8
> S 9,10,-1
-Wo=a=8 11,01
W o8 . 12,-E
S 2,13,0FE
S 1,6,14,vE

Answer Key

The move to line 13 is not allowed by our inference rules. Notice that the
main connective of the succedent of line 12 is the conditional.

6. Fill in the missing items.

A S RO o
J
—~
n
6]
J
N
~

T T T T T T T T T

Wv(S>-T) ... premise
W premise
W A
S 2
W 3
-=(So-T) 4,51
(So-T) 6,-E
(So-T) A
So =T 1,7,8, VE



7. Here is yet another proof of Excluded Middle. Fill in any missing items.

1. =(p Vv -p) Foa(pVap) A
2. =p oD A
3. -p F DV aD 2,vI
4. =(pVv=p),=p F DV D) 1
5. =(p Vv —-p) e 2 3,4,-1
6. p D A
7. p F DV aD 6,vI
8. =(pVv-p),p + a(PVD) 1
9. =(pVv -p) e 7 7,8,-1
10. Fooa(PVAD) e 5,9,
11. F DV AaD 10,-E

8. Prove the following sequents (keep in mind what it means to prove a
sequent). Each of these require only three lines:

(@ p,g-pvq

1. p oD A

2. p F DV Qe 1,vI

3. p,q F DV 2
(b) -p,q-pvyq

1. q e A A

2. q FPVQ 1,vI

3. =p,q E DV Qe 2

(c) p,~qrpVgq






9. Fill in the missing items of the following proof of —p, =g + —(p Vv q):

e e
W N = O

2 N Uk ® N e

-p
-q
pVvyg

- PPV g

p,PVvVy
-p,P

- &PV

- 24,P V4

- 299

- PV 4¢P, =g
- P g

T T T T T T T T T T T T T

D A
e A A
DV Qe A
D A
TP e 1
D 4
S(PV Q) 5,6,-1
G e A
§ 8
T 2
S(PV Q) 9,10,-1
S(PVq) 3,7,11, VE
S(PV Q) 3,12,-1



10. Prove Implication: - (p 2 ¢) 2 (=p Vv ¢) . Hint: you can adapt one of the
derivations we have done earlier in our exercises.

Answer Key

You can adapt a derivation we have done earlier in our exercises.
1. pogq PO A
2. =(=pVvq) Fo(=pvg) A
3. -p D A
4. —p PV 3,vI
5. =(=pVvq),-p Fo(=pvg) 2
6. ~(-=pVq) FommD 4,5,-1
7. =(=pVq) D 6,-E
8. poq,~(-pVvq) F g 1,7,0E
9. pogq,—~(-pVvq) F PV e 8,vI
10. pogq Foo(opVvg) 2,9,-1
11. pogq PV e 10,-E
12. F(pog)o(-pvg)  ....... 12,01




11. Prove Contraposition. Hint: you can adapt one of the derivations in the
earlier exercises.

Answer Key

You can adapt a derivation in one of our earlier exercises.
1. pogq F DD e A
2. ~q e AT A
3. p D A
4. pogq,p ¢ N 1,3,0E
5. =q,p B mg e 2
6. p>q,—q e 2 Y 4,5,-1
7. p2q F m@ DD e 6,01
8. F(po2g)o(~g2>-p) .ol 7,01

10



12. Derive from T+ =(-P v =Q) toT + P A @ . Hint: you can adapt one
of our earlier exercises.

Answer Key
1.T Fo(=PVv-Q) i premise
2. =P F P A
3. =P FaPVv-Q 2,vI
4. T,-P Fa(=PVv-Q) 1
5. FaaP 3,4,-1
6. T P 5,-E
7. =Q F oaQ A
8. -Q FaPVv-Q 7,vI
9. I,-Q Fa(mPVv-Q) 1
10. T FamQ 8,9,-1
11. T F Qe 10,-E
12. T FPAQ 6,11,AL
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13. Prove —(p A q) o (=p v =q) . Hint: the overall proof is a proof by con-
tradiction (assume the negation of the consequent of the conditional),
and the previous question shows how to do most of the needed work.

Answer Key
Notice that lines 2 through 13 replicate the previous derivation
where we plug —(-p v —¢) into T.
L =(pnrg) Fo(pAg) A
2. ~(-pVv —-q) Fa(apV—og) A
3. -p oD e A
4. -p R VA 3,vI
5 =(=pV -q),-p Fa(-pV—q) 2
6. ~(=p Vv -q) F oo e 4,51
7. =(-p Vv ~q) F D e 6,—E
8. —q [ PP A
9. -q L AT A 8,vI
10. ~(=pV ~q),~q Fa(mpVag) 2
11. ~(=p Vv ~q) Foomg e 9,10,-I
12. =(=pV ~q) F g 11,-E
13. =(=p Vv ~q) FDAG e 7,12,A1
4. =(pArg),~(-pv-q) +-(prq) ...l 1
15. ~(pAq) Faa(-pVv-q) 13,14,-1
16. ~(pAq) oDV og e 15,-E
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14. Construct a derivation fromI'- P v Q andA+ Q> R to[ A+ PV R
. (Here is an example of this in plain English: Joe is eating Chinese place
or Italian. If he is eating Italian, he is eating eggplant parmigiana. So Joe
is eating Chinese or he is eating eggplant parmigiana.) Hint: VE is your

friend.
Answer Key
1. T FPVQ premise
2. A FQ>oR premise
3. P HP A
4. P FPVR 3,vI
5 Q F Qe A
6. A,Q F R 2,5,5E
7. A,Q FPVR 6,vI
8. T,A FPVR 1,4,7,vE

13



15. Prove Double Negation Introduction. Hint: use -I.

Answer Key
1. p D A
2. =p o mD A
3. p,—p D 1
4. p e o P 2,3,-1

16. In a single proof, prove p,q + p > g and —p, ¢ + p > q (recall that a proof
proves each sequent; apart from Assumption Introduction, you only
need oI and sequent rewrites).

Answer Key
1. ¢ g A
2. q,p L PP 1
3. q F DD 2,01
4. p,q E DD 3
5. =p,q DD Qe 3

17. Prove p,—q + —(p 2 ¢). Hint: assume p > ¢, p, and —q.

Answer Key
1. pogq F DD e A
2. p D A
3. —q e ¢ APt A
4. pogq,p ¢ N 1,2,0E
5. p>gq,—q e T PPN 3
6. p,~q Fo(p2q) e 4,5,-1
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18. Prove -p,—-q+ p>q. Hint: adapt the derivation from T'+ P to
I'--P>oQ.

Answer Key

Notice that p is equivalent to —(-p).
1. —p o mD A
2. =p,—q S 1
3. p D A
4. p,—q D e 3
5. -p,p e T PP 2,4,-1
6. -p,p L 5,-E
7. =p E DD 6,01
8. =p,—q DD Qe 7

19. Derive from p,g+7rto+ (pAgq) DT

Answer Key
1. p,q e S premise
2. pAg FDAG A
3. p L = A 1,01
4. pAg L A 2,AE
5. pAg,p L P 3,4,0FE
6. pAQ DD T e 5,01
7. pAQ D 2,AE
8. pAQ e PN 6,7,0E
9. F((PAQ DT 8,0l
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