1. For each of the following, indicate whether or not the inference is al-
lowed. Yes means allowed. a, b are constants, and they do not appear in
I and A.

(@)

1. Ya(Fz > Ga)
2. Yz(Fz > Ga)
3. Vz(Fz > Ga)

Jx2Gx .
JxGx .

Jx(Gx A Fx)
Jd2Gx A Fa
J2Gz A Fa

Gbv Fa

Fa
Gbv Fa
d2Gx v Fa

Va(Fzx > Ga)
Fa>Ga
Vax(Fx > Gx)



T, dz-Fx

2. A, Jz-Fzx
3. T,A

- VeFx ...
VyGy ...
F VavVy(Fz A Gy)

F VeFz A Ga

VaVy(Fz A Gy)

F Ya(Fz A Ga)
F YyVo(Fz A Gy)



2. Let’s prove the theorems known as Quantifier Exchange. Here are the
first four.

For these four, do not appeal to Quantifier Exchange anywhere. Notice
we stop one step short of the actual theorem. The theorems in questions
are conditionals of the form s; > so. Instead of proving that, we stop at
51 + S because the we can get to the conditional trivially by oL But the
actual theorem is still the conditional!

(a) 3z Fx + -Va-Fz . The proof of this is in the readings. See if you can
reproduce it.

1. dzFx FdxFx A
2. Ve-Fx F VYae-Fz A
3. Fa FFa A
4. Vo-Fzx FaFa 2,VE
5. Fa,Vz-Fx + Fa .. . i 3
6. Fa F aVa-Fax . 4,5,-1
7. dxFx F =SVe-Fax . 1,6,3E

(b) =Vx—Fx + JzFx . Add the missing annotations (this is a little more
efficient than the one in an earlier exercise).

1. =Vz-Fx F aVZ=Fr A
2. -dxFx FodeFr A
3. Fa F Fa A
4. Fa FdxFEx 3,31
5. F Fa>3xFx oo 4,01
6. + (Fa>3zFz)> (-3zFx>-Fa)  ..... CP
7. F-dzFzo-Fa ... ... 5,6,0E
8. —dxF'x FaFa 2,7,0E
9. -JxFx FVYe-Fx 8,v1
10. -Vz-Fz,-3xFe -Ve-Fx .. . . 1
11. =Va-Fz Foosde e 9, 10, -1
12. =Vz-Fz FdxFxr 11,-E



(¢) YaFx + -3x-Fx . Prove this sequent. Hint: assume the sentence in

the datum, and assume the denial of the succedent of this sequent.

1. VaFx F VaFx
2. Jz-Fx + Jz-Fx
3. -Fa + =Fa

4. VaxFx + Fa

5. -Fa,dx-Fzx+ -Fa

6. VeFz,dx-F# Fa

7. VeFzx,-Fa + -3x-Fx
8. VeFx,dx-Fw -Jx-Fx
9. VeFz F —dx-Fx

(d) =3z-Fx + VzFx . Prove this sequent. This was in an earlier exer-

cise. See if you can reproduce it.

1. =3z-Fx F —Jdz-Fx
2. -Fa + -Fa

3. -Fa + Jz-Fx
4. -dz-Fz,-F& -dz-Fx
5. =dz-Fx + -—Fa
6. —-dx-Fx + Fa

7. =dx-Fx + VaeFx




3. Let’s prove the remaining theorems known as Quantifier Exchange. You
may appeal to the theorems proven in the previous question. Hint: for
the latter three, the first one below gives you something like a template.

(a) 3z-Fx + -V Fz . Fill in the missing items.

1. dx-Fzx Fdx-Fx A
2. VeFx F VZFET A
3. F VeFx>-3dz-Fx ... .. ... QE
4. Vo Fzx Fode=Fr 2,3,0F
5. dx-Fax,VeFx ~ Jx-Fx ... .. ... 1
6. dz-Fx Ve Fr 4,51
(b) =VaxFx + Jx-Fx . Prove this sequent.
1. -VaFx FaVeFr A
2. =dx-Fx F odz=Fr A
3. F -dz-FxoVaxFx ... ........... QE
4. -Jx-Fzx FVaeFx 2,3,0F
5. =V Fx,-dx+FsVeFx o 1
6. -VzFzx Fo-de-Fr 4,5,-1
7. =VaxFz Fdx-Fo 6,-E
(¢) Ve=Fz + -3z Fx . Prove this.
1. Ve-Fx FVe-Fz A
2. dzFzx FdxFx A
3. F dxFxo>-Ve-Fx  ................. QE
4. JzFzx F aVe=Far 2,3,0F
5. Ve-Fx,3zFwe Ye-Fx ... .. ... . . . .. 1
6. Ve-Fx F-deFr 4,5,-1




(d) -3xFz+ Vx-Fx .Prove this.

Nk N

-JdxFx FodzFr A
-Vae-Fz F aVZ=FX A

F =Ve-Fxo>3xFx  ................. QE
-Va-Fx FdxFx 2,3,0F
—dzFx,-Ve+'sdzFxr ... e 1
—dzFx F a=Vae-Fx 4,5,-1
—JdxFx F VYo-Fx 6,—E




4. Let’s see some cases of interactions between the conditional and quan-
tifiers. (Hint for constructing proofs in this section: The proofs have a
lot in common).

(a) VeFzxoVaeGr + Jz-Fz v YaxGr . Add the missing annotations:

A A L o

,_.
e

-
-
-
.
-VaFz -
.
.
-
-

VeFx>VeGx +

VeFx o> VeGx
-VaFx

Ve Fx

VG

VeGx
VeFzoVeGr

VeFxoVaGr ... . A
(VeFz > VzGr) o (-VaFz v YzGx) M
“VeFxvVeGx ... 1,2,5E
SV Fr A
“VeFx>3x-Fxr ... .............. QE
dx-Fx 4,5,2E
dz-FzxvVaxGr  ................... 6, VI
VeGr A
z-FzxvVxeGxr ... ... .. 8, vl
Jz-Fx v VaGxr ... .. .. ... 3,7,9,vE

(b) VeFx > 3zGx + Jz—Fx v JxGx . Prove this.

1. VeFx > 3zGe VeFx>3zGr ..., A
2. F (VzFz > J2Gx) o (=VaFz v JzGx)
M
3. VeFx > xGe -VxeFxv izGx  ................ 1,2,oF
4. =VaxFzx FaVeFr A
5. F =VeFzo3dz-Fx  ................. QE
6. =VaFzx F dx=Fx 4,5,5FE
7. -V Fzx - dx-Fzv3IzGx ... 6,vI
8. JzGx F dxGx A
9. 3zGx F dx-Fxzv 3IzGe .. 8,vI
10. 3z Fz > I2G¥ Iz-Fzx v IzGx  .............. 3,7,9,vE




(¢) dxFx>VaGr + Vr—-Fz v VxGzx . Prove this.

1. 3zFx > VxGe JzFxo>VzGr ... .o i A
2. F (3zFz > VxGzx) o (-=JzFx v VzGx)
M
3. JzFxr o> VaGe -JzFx v VxeGx ... ............ 1,2,0E
4. -3z Fx FoodeFr A
5. F -dzFrxoVz-Fx  ................. QE
6. -dxFx F VYo=Fx . 4,5oF
7. =3z Fx F Ve-FzxvVaGx ... .. 6,vI
8. VxzGx F VG A
9. VzGx F Ve-FzvVaeGxr ... .. .. ..... 8,vI
10. IxFz>VaxGe Ve-Fz v VaGxr  .............. 3,7,9,vE

(d) dzFx > 3zGx + Ve-Fz v 3zGx . Prove this.

1. 3zFx > 3zGe FxFx>3zGr ... A
2. F (JzFx o J2Gz) o (-3FaFz v JzGx)
M
3. dxFx > 2Gx -IxFr v IzGx ... 1,2,oF
4. -3z Fzx FodeFr A
5. - —-dzFroVz-Fx  ................. QE
6. =dxFx F Voe=Fx . 4,50F
7. =3z Fx F Ve-Fzv3dxGx ... .. 6,vI
8. JzGx F dxGx A
9. dzGx F Ve-FzvIzGx ... ... . 8,vI
10. 3zFzx > 3zGe Ve-Fz v IzGx  .............. 3,7,9,VE




5. Brackets matter.

(a) Prove 3z(Fx > VyGy) + Jx-Fx v YzGz . (Just so you see the im-
portance of brackets, compare this to 3c.)

1. Jz(Fz o VyGyPz(Fx o VyGy) oot A
2. FaoVyGy + Fa>VYyGy ... A
3. F (Fa>VyGy) > (-Fa v YyGy) ....IM
4. Fa>VyGy +~ -FavVyGy ... .....c..o.... 2,3,0E
5. =Fa F-Fa A
6. -Fa F dx-Fx 5,31
7. -Fa F Jx-FxzvVaeGxr ... 6,vI
8. YyGy FYYGY A
9. YyGy FGa 8,VE
10. VyGy FYaeGr 9,vI
11. YyGy F dz-FzvVeGx ... 10,vI
12. Fa>VyGy +~ Jz-FxvVxGx  ............. 4,7,11,vE
13. 3z(Fr>VyGyRx-FrvVzGx  ............... 1,12,3E




6. Construct models that fit the given specifications:

(a) dzFz true, VxGzx true.

Domain of discourse: Ash, Beck.
Referent of constants: a refers to Ash, b refers to Beck.
Extension of F: a.

Extension of G: a and b.

(b) dzFx true, VxGz false.

Domain of discourse: Ash, Beck.

Referent of constants: a refers to Ash, b refers to Beck.
Extension of F": a.

Extension of G: b.

(c) dJzFx false, VxGz true.

Domain of discourse: Ash, Beck.
Referent of constants: a refers to Ash, b refers to Beck.

Extension of F': empty.

Extension of G: a and b.

(d) 3zFz > VxGx false.

same as (b)
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7. Explain why it is not possible to construct a model that fits the given
specifications?

(@) Ve(Fz > Gz) true, Va(-Fz v Gz) false.

51 2 s9 and —s1 V So are logically equivalent. So for any con-
stant x, F'x > Gx is true iff. =F'x v Gk. So we cannot make
Va(Fxz > Gx) true without making Vo (-Fx v Gx) also true.

(b) Ya(Fx o Gz) true, JxFx true, JIxGx false.

If the first sentence is true, then anything that is F' is also G.
So if there is something that is I as required by the truth of the
second sentence, then the third sentence, 3zGx , must also be
true.

(c) JzFz false, 3xGx false, Iz(Fx v Gzx) true.

If anything is such that it is " or G' as demanded by the third
sentence, it must be F' or G. So at least one of 32 Fx and 32Gx
must be true.
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